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Abstract

It is found that the field of the combined mode of the probe wave and the phase—conjugate
wave in the process of non—degenerate four—wave mixing exhibits higher— order squeezing to
all even orders. And the generalized uncertainty relations in this process are also presented.

With the development of techniques for making higher—order correlation measurement in quan-
tum optics, the new concept of higher—order squeezing of the single—mode quantum electro-
magnetic field was first introduced and applied to several processes by Hong and Mandel in
198513, Lately Xi-zeng Li and Ying Shan have calculated the higher—order squeezing in the
process of degenerate four—wave mixing® and presented the higher—order uncertainty relations
of the fields in single—mode squeezed states®. As a natural generalization of Hong and Mandel’s
work, we introduced the theory of higher—order squeezing of the quantum fields in two—mode
squeezed states in 1993. In this paper we study for the first time the higher—order squeezing
of the quantum field and the generalized uncertainty relations in non—degenerate four—wave
mixing (NDFWM) by means of the above theory.

1 Definition of higher—order squeezing of two mode quan-
tum flelds

The real two mode output field E can be decomposed into two quadrature components E, and
E,, which are canonical conjugates

E = E cos(0t — ¢) + E;ein(Qt — ¢), (1)

[E\, E;] = 2 C,. (2)

Then the field is squeezed to the Nth—order in Ei(N = 1,2.3,--) if there exists a phase angle
¢ such that < (AE,)Y > is smaller than its value in a completely two—mode coherent state of
the field, viz.,

< (AEI)N > < < (AEI)N >two-mode coh.a. (3)

This is the definition of higher—order squeezing of two mode quantum fields.
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2 Scheme for generation of higher—order squeezing via
NDFWM

The scheme is shown in the following figure:
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FIG. 1. Schematic for generation of higher—order squeezing via
NDFWM. M,, M;, M, are mirrors, BS is the 50%—50% beam splitter

Where two strong, classical pump waves of complex amplitude (v; = |v)]e'’! and vy = |v,|e™’)
with the same frequency (1 are incident on a nonlinear crystal possessing a third—order (x*)
nonlinearity. The length of the medium is L. @, is the annihilation operator of the transmitted
—probe wave with frequency wy,d; is the annihilation operator of the phase—conjugate wave
with frequency wg, and

Ws + Wy
0= 4
: n
The effective Hamiltonian of this interaction system has the form of
H = hwyfds + hwyif 84 + hgo(vivsafa) e + H.C) (5)
where go is the coupling const, t is the time propagation of light in NL crystal.
By solving the Heisenberg Equation of motion we get the output mode
ag(t) = [pas(L) + va} (0)]e ™, (z=L —ct for a,) (6)
aa() = [Waa(0) + va] (L)), (s=ct for a,) M
where
p = seclk|L, l
v = —ielithlanlk|L, (8)
k| = folvyliva} l

-4
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3 Combined mode and its quadrature components
It can be verified that the field of either d3(0) or a,(L) mode does not exhibit higher—order

squeezing.
We consider the field of the combined mode of as(t) and a,(t)

£y = \/@ga.(z) - .'\/Z;—Ta.(t) + (H.C)

/
= \/92--,\,&.(02) - i\/g,\m,(t) + (H.C) (9)
where -
/\’ = (:g‘y/\i = %3 (10)

and —i denotes the phase delay. The units are chosen so that A =¢ = 1.
E(t) can be decomposed into two quadrature components E; and Ej, which are canonical
conjugates

E(t) = Eicos(0t — ¢) + E,yain (0t — ), (11)
where e 4w
=" > ! (12)

and ¢ is an arbitrary phase angle that may be chosen at will.
E, can be expressed in term of initial modes é4(L) and d4(0),

By = gas(L) + haa(0) + ¢*a5 (L) + A*a(0), (13)
where
0 —i¢ o i(p+r/3)) et
g = E[/\'ﬂe + A‘V € ]C [ (14)
0 —i(p+x/3) LIRY I PRT
h = E[/\,pc + Avte’®le ™, (15)
€ = (—wy=ws— 1], (18)

¢ is the modulation frequency.
Now we define

B = gas(L) + hay(0), (17)
Bt = ga}f(L)+ h*a}(0), (18)

then ) ) )
E, =B+ B, (19)

where B* is the adjoint of B.
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4 Higher—order noise moment < (AE,)Y > and higher
—order squeezing

By using the Campbell—Baker—Hausdorff formula, we get the Nth—order moment of AE,,

. N ) : N “
< (AEY > = <:(AEYY u> +—— ( Co) <: (AE)Y 3> ( Go)’
<:: (AE[)N ‘.
44+ (N - 1)nCN/’. (N is even) (20)
where 1
NO=N(N-1)--(N-r+1), Co=B,E|=(B,5"), (2

and :: :: denotes normal ordering with respect to B and B,

We take the initial quantum state to be o >4 |0 >3, which is a product of the coherent state
|t >4 for 4,(0) mode and the vacuum state for a3(L) mode. Since o >4 |0 >y is the eigenstate
of B, we get

<: (AE)N >

<: (AB + ABH)N >
N

= X [ f:’ ] : <Olg<af: (AB*)(AB)N i [a >, [0 >4=0. (22)
=0
Then from (20),
< (AE)N >= (N - 1)1y, (23)
Co = [B,B*] =g’ + b,
= %{(A: + A0 (|81 + [?) + 22 v e PO 4 e B (24)

where o
3
AM+Al=2, A= \[1- b
Substituting eqs. (8), (10), (24) into (23), we get the Nth—order moment of AE,,
<(ABYY > = (N = )NQ" (e’ k|L + tan’|K|L

- 21— —n—’-acc|k|Ltan|k|Lcoa(2¢ 0, — 6,)|"72. (25)
If ¢ is chosen to satisfy
20—0,—06; =0, or cos(2¢ -0, —0,) =1,

then the above eq. (25) leads to the result
< (ABYN > = (N =110 sec’|k|L + tan®|k|L

[ e
- 2 l—ﬁ;acclletanlﬂL]N/’. (26)
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When 0 < [k|L < =, the right—hand side is less than (N —1)N0QN73 which is the corresponding
Nth—order moment for two—mode coherent states. It follows that the field of the combined mode
of the probe wave and the phase conjugate wave in NDFWM exhibits higher—order squeezing
to all even orders.

The squeeze parameter ¢, for measuring the degree of Nth—order squeezing is

< (AE])N > —-< (AEI)N >cwo—mm{¢_ coh.s

. (27)
< (AEI)N > two—mode coh.s

I =

2
= [sec?|k|L + tan’|k|L —2/1 — fcﬁsedkllltan|I:|L]N/2 -1 (28)

We find that g, is negative, and ¢, increases with N. This gives out the conclusion that the
degree of higher—order squeezing is greater than that of the second order.

5 Generalized uncertainty relations in NDFWM

E, can be regarded as a special case of E’l if ¢ is replaced by ¢ + n/2. Then if ¢ is chosen to
satisfy 2¢ — 0; — 8; = 0, from eq. (25) it follows that

. e , _
< (AE)N >= (N — )Y (sec’|k|L + tan’|k|L + 2 /1 - %sedletanIk]L]A”. (29)
when 0 < |k|L < «, the right-hand side is greater than (N — Hnara,
From eqs. (26) and (29), we obtain

b]
< (AE)Y > - < (AE)N >=[(N - )P aV[1 + 4(%;sec’|k|Ltan’|k|L]N“. (30)

Eq. (30) shows that < (AE;)M > and < (AE;)N > can not be made arbitrarily small
simultaneously. We call eq. (30) the generalized uncertainty relations in NDFWM, and the
right—hand side is dependent on ¢,{}, N, and |k|L.

In the degenerate case wy = ws = (},¢ = 0 from eqs. (26). (28) and (30) we obtain

<(AB)Y > = (N = )N fscclk|L — tan|k|L]", (31)
gy = [sec|k|L — tan|k|L]V -1, (32)
< (AE)N > < (AE)N >=[(N - 1)1 . OV, (33)
When N = 2,
< (AE)' > = Qleec|k|L — tan|k|L)?, (34)
g = |[sec|k|L — tan|k|L]’ -1, (35)
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< (AE)? > - < (AE)? >=0? (36)

These results are in agreement with the conclusions in the previous relevant references®!sl.
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